
In Fig. 15 we have plotted SNR5SAT vs. L for three representative C~ values.

These curves are obtained assuming a uniform C~ distribution, d = 10 cm, and

a target that fills the main lobe of the illuminator beam in the plane z = L;

the curves are cut off at path lengths before saturation of scintillation is

encountered. Note from Figure 15 that SNRSSAT < 1; SNR5SAT = 1 corresponds ,

physically to a signal-to-noise ratio limited by target speckle, the presence
V 

of strong turbulence (Cn
2 

= 1O~~
2in 2’13) or a long path length (L ~ 10 kin)

with moderate turbulence (C~
2 

= l0
_ 1

~~ 2~
/3) may significantly reduce SNRSSAT

from the speckle-limited value of 1. To illustrate the aperture averaging

effect in Figure 15, we have plotted ~ vs. L for d = 10 cm in Figure 16,

assuming the target fills the main lobe of the illuminator beam . Without

aperture averaging , the SNRSSAT values in Figure 15 would be more than one

order of magnitude lower at L = 10 km. In this regard, it is worth noting

that targets which do not fill the main lobe of the illuminator beam do not

achieve the full aperture averaging predicted by (IV.36).

V. RECEIVER OPERATING CHARACtERI STIC FOR TARGET DETECTION

The single-pulse target-detection problem for the CO2 laser heterodyne

reception optical radar is as follows. There are two possible hypotheses

(target present or target absent at transverse coordinates p’ = ALL~, in

the plane z = L). If there is no target at ~~‘ = ALiT in the z =L plane

(hypothesis H0), then the receiver’s IF complex envelope, r ( t ) ,  satisfies, V

r(t) = n(t) f o r 0 < t < t~ (V.1)
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Pig. 15. Atmospheric propagation/speckle target saturation signal-to-noise . V

ratio SNRSSAT vs path length L for various turbulence-strength (C~2) values;
10.6 iim wavelength, d = 0.1 m, weak-perturbation propagation theory and a
target area which fills the main lobe of the illuminator beam have been
assumed.
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where n(t) is the complex-Gaussian noise process with power spectrum (1.9)

and W > t~~
1 has been assumed. If there is a target at ~~

‘ = ALfT in the

z = L plane (hypo thesis H1), then the receiver’s IF complex envelope obeys

r(t) = + n(t) for 0 < t < t~, (V.2)

where (as in Section IV)

~~ ~T J  d~
’ 

~~~~~~~ 
T(~ ’) e~~(2~(~’, O) + 2j~~~’, O)) (V.3)

Our objective is to process the data {r(t) : 0 < t < t~} in such a way that

the conditional probability we say there is a target present given there is

one there is maximized, subject to the- constraint that the conditional

probability we say a target is present given there is no target there does

not exceed a specified level. This is the well known Neyman-Pearson approach

to binary hypothesis testing [35] . The optimum decision rule (data processor)

is the likelihood ratio test (LRT) whose threshold level is chosen to satisfy

the false-alarm probability (probability you say H1 given H0 is true) con-

straint with equality. The performance attainable with an LRT is conveniently

summarized by its receiver operating characteristic (ROC), which is a para-

metric plot of the detection probability P0 (probability you say H1 given H1 
p

is true) vs. the false-alarm probability 
~F obtained by varying the threshold

value.

V.1 The Likelihood-Ratio Test

The well known results for signal detection in additive white Gaussian  

_
_ _- 

I
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I
noise [36] permit us to express the LRT for the CO2 radar in the following

form when W = l/ t~.

fdYJ d~ Y p~ (Y) exp [~ (r(O)Y* - 1112/2)/hv0W]

say H1

(V.4)

<

say H0

where Y exp (j ~) is the polar form of the complex number Y, p~ (Y) is the

- probability density for the complex random variable ~~~, and ~ is chosen to

obtain a desired P~ level. The results of Sections II , III imply that

“ P~Q) Py(Y)/271 for 0 ~~ ~~ ~ 2ir (V.5)

where p),(Y) is the probability density for y 
~
j. Thus, the LRT (V.4)

can be reduced to

fdY Py(Y) I
~ ~ 

IL(°) ~Y/hv0W)exp (-~Y
2/2hv0W)

say H1

>
—

(V.6)

<

say H0
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I
where I

~ 
is the zeroth-order modified Bessel function [36]. Now, because

Jo is a monotonically increasing function of its argument, the LRT (V.6) is

equivalent to the threshold test

say H~ 
V

>

I~ (0) I2 y (V.7)

<

say H0

where y is chosen to achieve the desired false-alarm probability. Because

w = t~~
1 has been assumed, (V.7) may be realized by matched-filter envelope

detection followed by threshold comparison. Note that the optimality of the

threshold test (V.7) applies regardless of the target character (specular,
p 

diffuse or semi-rough) and whether or not there is turbulence present along

the propagation path . The performance of this test , viz , the ROC, is not

similarly insensitive to the details of the problem. We shall investigate

its behavior for specular and diffuse targets.

V.2 The Receiver Operating Characteristic

It turns out to be relatively easy to obtain the receiver operating

characteristic for the threshold test (V.7) when the target is either

specular or diffuse. Regardless of target and turbulence conditions , the

IF complex envelope r(t) is pure receiver noise under hypothesis H0. Thus

for any target/turbulence combination we find that the false-alarm probability
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is

= Pr [l~~~ (0) I

2 >y ] exp(-~y/2hv0W) 
- 

(V. 8)

Equation (V.8) allows us to solve for the threshold level which gives false-

alarm rate “F’ viz, the test

say H1 -

> V

l~(0) I2 -(2hv0W/ri)ln ~F 
(V.9)

<

say H0 
-

has the maximum PD-value attainable with false-alarm probability P~ . The

detection probability is given by

= Pr [
~~~

+ n(0)1
2 

> - (2hv0W/~ )ln “F’’ (V.10)

more explicit results are developed below.

Case 1 Specular Target

For a specular target in the single-glint approximation we have

(cf. (IV.l7))

~ ~T f  d~ ’ 
~~~~~~ 

I~ G’) e~~ (2x (~g
t
~ U) + 2i~~Gg ’~ O)+je)

(V.11)

Standard results from Gaussian detection theory [36] thus yield the

conditional detection probability
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Pr [ l ~ 
+ (~)j 2 > -(2hv0W/n)ln ~F ’ ~- ‘~~“

= ~~((nY
2/hv0W)

V2, (-2 In 
~~~~~~ 

(V.12)

where

~~ (a ,~ ) Ef du u exp [-(u 2 
+ 

2)/a I0(~u)

is Marcum ’s Q-function [36]-[38]. It follows from (V.11) that Izi is a

lognorinal random variable . Indeed, from Section IV, we have that

(ri I
2/ i v 0W) 1”2 = (2CNRO

g)
l
~
2 exP(2x(~g’~ O)). (V.13)

Because X(Pg’~ 
U) is a Gaussian random variable with mean -~~ and variance

the detection probability is therefore

“D =1 dx P~(x) QM((2cNR0g)l/2e2X ,(~2th ~~~~~ 
(V.14)

where P
~
cx) = (2wa~Y

1’2 exp[-(x + 02 2 /202].

Despite the plethora of communication-theoretic calculations that are

in the literature of optical propagation through turbulence, Eq. (V.14) has

yet to be evaluated. Results for Marcum’s Q-function are available [36]-[38],

so that numerical values of the free-space detection probability (obtained p

by setting = 0 in (V.14))

P0° = Q~((2C4ROg)
l/2

~ (-2 ln “F~~~~~ 
(V.15)

can be obtained without computation. In Fig . 17 we have sketched P0
0 , given
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by (V.15), vs. cNR°g for a variety of interesting 
false alarm probabilities.

From this figure we see that the example in Table 2, Fig. 11 will give -

excellent target detection performance, i.e., 
~D 

> 0.98 for 
~F 

= l0~~ in -

a 2dB/kin absorption atmosphere out to more than 6 km path length.

Numerical work on (V.14) is presently underway to quantify the effect

of scintillation on target detection performance. We expect, based on error -

probability calculations for communication through turbulence [10], [39],

that scintillation will require a significant increase in carrier-to-noise 
-

ratio to achieve the desirable high_P~/~tiw -P~ values. 
-

Case 2 Diffuse target 
-

For a diffuse target

~~~ ~T f  d~ ’ ~~2 (~~) ~~~~ exp (2 x (~ ’ , U) + 2j~~~ ’ , U))  
-

will be a zero-mean circulo-complex Gaussian random variable conditioned

on knowledge of x(~’~ U) + j
~

(
~’, U) .  Gaussian detection theory now gives

us [36] the conditional detection probabi lity

Pr [IX + n(0) J
2 

> (-2hv0W/ri) in “F Ix (~’ ,O) +

(1 + 
~~T~~f  d~’ I~~

2
~~t l 2 T5 (~ ’)  exp(4x(~’,U))/2hv0W)~~ -

(V.16)
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Because sums of real-valued lognormal random variables are themselves

approximately lognormal random variables [40], [41], the random variable

u def ined by

e2~
’ = 

~ TXJ d~’l~~
2(~’)I 2 T5(~’)e

4
~~~ ’~)’2hv0WCNR5 (V.17)

V 
may be taken as Gaussian with mean ~~ and variance ~2 where (assuming T5
is constant over the illumination region)

e40
2 fd~1’f~ 2 t 

~~~~~~~~ 
)~~

2( I))2 exp (16Cxx (~1’-~2’,O))

(fd ~
1 

I~~
2
~~tfl

2 2

(V.18)

2
Equation (V.18) exhibits the aperture-averaging effect, viz, e4° 1 +

2
- 1) where ç 1 for XL/d < (AL) 1”2 and ~ ~ d2/AL for AL/d >>

(AL) 1”2 (recall (JV.36)). -

Using the above results we find that the detection probability is

1’D f’~~u~~ ~F 
(1 + CNR5 exp(2U)Y~ (V.19)

where Pu(U) = (2~~
2
Y
1
~
2 
exp[-~~ + 02)

2
/202]. Equation (V.19) has not been

evaluted in the literature ; we have it under study at present. In the absence

of turbulence we have ~
2 

= 0 and (V.19) collapses to the well-known free

space result

o -l
$ (V.20)
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I

shown in Fig. 18. This figure shows that the example of Table 2, Fig. 12

will give good target detection performance, i.e., 
~D
° > 0.95 for = 10 14

in a 2dB/ km absorption atmosphere out to more than 4 km path length.

Comparison of Figs . 17 and 18 reveals that it is significantly easier

to achieve high-P~°/low-P~ values for a glint target than for a speckle target; 
- 

. 
-

for 
~D° = 0.98, P~ = ~~~~ the glint target requires a 17 dB carrier-to-noise

ratio whereas the speckle target requires a 32 dB carrier-to-noise ratio. V 
- 

V

Paradoxically, it would seem, at low carrier-to-noise ratio it is easier to

detect a speckle target than a glint target; for = 10 10 and 10 dB carrier- -

to-noise ratio we find 
~D
° = 0.014 for a glint target and 

~D
° = 0.123 for a

speckle target. The explanation of the high-CNR disadvantage and the low-CNR V 
-

advantage of the speckle target vs. the glint target is as follows. When - - - 
V

= cNR5° the average strength of the randomly distributed speckle-target - -

return equals the strength of the non-fluctuating glint-target return. At 
-

high carrier-to-noise ratios, speckle-target detection probability is limited

primarily by the chance that a deep fade will occur (i .e •,  the target return 
V

is much weaker than its mean value and thus buried in the receiver noise),

hence the disadvantage relative to a glint target. At low carrier-to-noise - 
-

ratios,- speckle-target detection probability is enhanced by the chance- that

-the target return will be much stronger than its mean value and thus stand - - 
-
‘

out from the receiver noise; this explains the performance advantage relative - 

-

to a glint target. - 
- -

VI.- SIJ*IARY 
. 

- 

-

In this section we shall summarize the key results of our imaging and 
V
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V target detection analyses. We shall draw freely from Sections Il-V without

explicitly stating the conditions required for the validity of the results,

and we shall presume familiarity with the notation developed in those sections

(see Table 3).  We begin with a qualitative description of our -theory.

Qualitative Radar Behavior

In all weather conditions for which atmospheric backscatter can be

ignored , the radar receiver ’s IF signal consists of a target return plus

receiver noise. The target return may be influenced by atmospheric beam

spreading (which can reduce the on-target irradiance) and atmospheric

scintillation, as well as the reflection properties of the target itself.

Because we have considered a heterodyne reception radar , atmospheric coherence-

loss can also affect the target-return IF signal . Furthermore , atmospheric

absorption will introduce an overall exponential extinction of the target

return.

Under typical clear-weather atmospheric conditions we shall have d <

so that atmospheric beam spreading and receiver coherence-loss may be neg- - 
—

lected. Scintillation, however, will play a significant role in both imaging

and target-detection applications. In the former instance, scintillation will

limit achievable image signal-to-noise ratio for a glint target observed under

high carrier-to-noise ratio conditions; for a speckle target, scintillation

may reduce image signal-to-noise ratio significantly below the unity level

set by the target fluctuations. t4zltiframe averaging will be needed to over- 
- —

come the scintillation limit on image signal-to-noise ratio.
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TABLE 3
SU~tvtARY OF NOTATION

Radar Parameters

= transmitter peak power

d = optics diameter

A = l0.6~in wavelength

hv0 = photon energy at 10.ôiin wavelength

= detector quantum efficiency

2W = unilateral IF bandwidth

= normalized target-plane illuminator beam

Atmospheric Parameters

x = turbulence-induced log-amplitude fluctuation

• 
= turbulence-induced phase fluctuation

p0 
= field coherence length

L = path length

= log-amplitude variance

= absorption coefficient

= aperture-averaging factor

= aperture -averaged log-amplitude variance 
V

Target Parameters

1’ = diffuse-reflection coefficient

• 
e~

8 
= specular-reflection coefficient

Ar = target area

~
‘ 
~~ ;

~ i
;
~~

.) = target bidirectional reflectance

15 = average diffuse-reflection intensity coefficient
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In single-pulse target detection , target speckle and/or scintillation

dictate that receiver carrier-to-noise ratio must be increased (over that

needed for a free-space propagation/glint-target system) to achieve the

desirable combination of a high detection probability at a low false-alarm

rate.

IF Signal Complex Envelope

Assuming d < p0 and a target reflection coefficient with diffuse and

single-glint components, we have that the IF signal complex envelope satisfies

r (t) = + n(t) (VI.l) V

where

~~~ 
~1

l/ 2f
~~

-
~ ~~~~ ~~~~~~~~ exp (2~(~’,O) + 2j~~(~ ’,O) -~L)

+ P1
l/2f d~ ’ 

~~~~~~~ Ig (
~ ’) ex~(2xC~g’~O) + 2J~(~g’~O) 

+ jO -oL) ,

(VI.2)

is the target return, and n(t) , a zero-mean circulo-complex Gaussian noise

process with spectral density

S~~ (f) = hv0/n for If I < W , (VI.3)

is the heterodyne-receiver shot noise.

Carrier-to-Noise Ratio

The carrier-to-noise rat io for the above IF signal envelope ,
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= <~~~2> / < m I 2 > , (VI.4)

is given by

CNR = CNRg + CNR5 (VI .5)

in terms of its glint contribution (Fig. 11)

~~
1
~g 

= 

~~~~~~~~~~~~~~~ ~
2 

Ar p ’ (A;
~T

;-L
~
)e4°x -2ctL, (VI.6)

and its speckle contribution (Fig. 12)

= (~ ‘T/ 2hvoW) A 2 T5 (ALL~) fd ~’ l~
2(
~
’)I 2 e4°x 2czL (VI.7)

Image Signal-to-Noise Ratio

The image signal-to-noise ratio,

- 2hv0W/~)
2

SNR 2 (VI.8)
Var(Ir(0)J )

satisfies

SNR — ~NR/ 2 
, (VI.9)

1 + ‘2SNRSAT + (2 NR)

V where

~ ‘~ SAT < hi 2>2 / Var(I~~h
2) (‘/1.10)

is the saturation signal -to-noise ratio (due to target and turbulence

fluctuations). For CNR > 5, (VI. 9) reduces to the universal curve
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c NR/ 2SNR~~~ 
, (VI.1l)

SNRSAT 1 + cNR/2SNRSAT

which shows (Fig . 9) that increasing CNR beyond 2SNRSAT does little to improve

image signal-to-noise ratio.

The saturation signal-to-noise ratio , (VI .lO) , has the following

behavior: V -

i) No turbulence, specular target

SNR°gSp~T 
= (VI.l2)

ii) No turbulence, diffuse target 
V 

-

SNR°S~~T = 1 (VI.13)

iii) No turbulence , semi-rough target

- SNR°
~~T 

= 1 + cNR°g/Q~1R°5 (VI.l4) 
- 

V

iv) Turbulence , specular target (Fig. 13)

~~ gSAT = (elôO
X - 1Y 1 (VI .15)

v) Turbulence, diffuse target (Fig. 15)

S
~~$~~T 

= [1 + 2(e 16
~X - l)~ ]~~ (VI.l6)

Likelihood-Ratio Test -

The decision rule which maximizes the conditional probability you say

a target is present given there is one present , subject to the constraint
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~1
that the conditional probability you say a target is present given there is

ao target there , is the threshold test

say H~

I~ (0)I
2 - (2hv0W/~)~n ~F (VI.17)

<

say H0

Receiver Operating Characteristic

The threshold test (‘/1.17) has false alarm probability 
~F and detection

probability given as follows:

i) No turbulence, specular target (Fig . 17)

PD 
= Q~( (2CNR°

g)~~
’2
~ (-29.n ~~~~~~ - 

(‘/1.18) 
- 

V

where is Marcum’ s Q function - - 
--

ii) No turbulence, diffuse target (Fig. 18)

= “F 
+ (~~~ 0 ) l 

V (VI.19) 
V

iii) Turbulence, specular target - 
-

~D =f d~ PX(X) QMU2CM~°g) 1”2 e2X ,(~2~n P~)”2) (‘/1.20)

where P~(~) 
= (2~o~Y 1t2 exp(- (~ + a2) /2a~] 

t 

- -
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I

iv) Turbulence, diffuse target

~D f~~~u~~ 
PP 

(1 + cNR5 exp(2U) ) 4 
(VI .21)

where 
~~~~ 

= (2~o25h/2 exp[-(U + 02)2/2021 
-

-L
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